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1. INTR~OUCTI~N 
We are interested in the large time behaviour of nonnegative solutions of 
the following two Cauchy problems: 
(PM) 
i 
u, = Au” in R”x (0, ~3) 
u(x, 0)= q(x) in R” 
(1.1) 
(1.2) 
and 
(PMA) ! 
v, =Av”-19’ in R” x (0, 03) (1.3) 
v(x, 0)= q(x) in IR” (1.4) 
where n > 1, m > 1, p > m + 2/n and q(x) is a given bounded nonnegative 
function. The existence and uniqueness of nonnegative bounded solutions 
of (PM) and (PMA) defined in a certain weak sense, is well established 
(see [3,4, 13)). 
It was shown in some recent papers [ 1, 6-111 that the large time 
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behaviour of ZJ and u depends on the behaviour of q(x) for large 1 x (. Let us 
assume that 
lim 1x1” rp(x)=A >O. (1.5) 1x1 - cc 
We first, consider problem (PM). It was proved in [7] that if IX> n, then 
lim t’ I u(x, t) - E,(x, t) I = 0 (1.6) t--r00 
uniformly on {x, t: I x I f Rt”“}, where R > 0, 
I= n 
2+n(m- 1) (1.7) 
and E,(x, t) is the Barenblatt-Pattle (B.-P.) solution of Eq. (1.1) with 
mass M= II’PII~,. 
If O<a<n then as proved in [l], 
lim t’ 124(x, r) - W&x, t) I -+ 0 (1.8) I--r@G 
uniformly on {x, t: 1 x I < Rt”‘“}, where 
A= a 
2+a(m-1) (1.9) 
and IV&x, t) is the solution of (PM) with initial data A I xl -OL. 
Results (1.6) and (1.8) mean that the large time behaviour of u(x, t) is 
described by a similarity solution. 
In this paper we shall consider the borderline case a = n. It will be shown 
that the asymptotic behaviour of U(X, t) is different from its behaviour in 
the two previous cases. Namely, on the assumption that 
we shall prove that 
Ixl”cp(x)-+-A (1.10) 
lim r’ B ln z - - E(x, 7) = 0, 
r-m 
(1.11) 
where t g B’-“(r/(ln r)“-‘), B is some constant depending on n, m and A, 
and E is the B.-P. solution with M= 1. 
It follows from (1.11) that for large t 
u(x, t) z B In TE(x, 5). 
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We shall refer to the expression B In TE(x, z) as a “reconstructed similarity 
solution.” By this we mean here that the similarity solution E is evaluated 
at a different instant of time and also multiplied by a certain function. The 
relationship (1.11) will follow from a more general result, Theorem 1, 
which will be proved in Section 2. 
Theorem 1 can also be used to handle other cases, e.g., 
q(x)-A Ixl-aln 1x1 or q(x)-A Ixl-“(l/in 1x1) (O<cc<n) for large x, 
thus generalizing the results of [ 11. In Section 3 we shall study problem 
(PMA ) and obtain a result analogous to (1.11). 
The proofs will employ the similarity transformation 
x’ = x/k, t’= t/k2f”-I(k), u’ = f(k)u, cP’=f(k)cp. 
The functionf(k), to be defined below (in (2.9)), depends on q(x) and is 
different from the function k” figuring in previous papers. 
Nevertheless, for large k the functionf(k) behaves like k”, provided q(x) 
satisfies appropriate conditions. Thus the transformation employed here is 
a generalization of the previously used ones and enables us to consider a 
wider class of initial data. We are not concerned here with all possible 
applications, but rather illustrate the method through some examples. 
2. POROUS MEDIA EQUATION 
Let S= R” x R+ and S, = R” x (0, T], T> 0. We shall assume that cp k 0 
and (p~L”([w”). 
DEFINITION. A solution of problem (PM) in S is a nonnegative function 
u E L”(S) satisfying the identity 
if s/,u+A&P)dxdr+j i(x,O)cp(x)dx=O R” 
(2.1) 
for any T> 0 and any function [ E C2,‘( S,) which vanishes for large I x I 
and t= T. 
We shall use two families of similarity solutions of the porous media 
equation (1.1): 
(1) The source-type solution E(x, t) with mass 1. This is the B.-P. 
solution for m > 1 and the fundamental solution of the heat equation for 
m= 1. 
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Thus, for m > 1, 
(m-l)IIx)’ II 
l/b - 1) J% t) = tr' a2 - 2mnt2,,,, + 
where I is defined by (1.7) and a is a constant chosen so that 
jlwn E(x, t) dx = 1. For m = 1 
1 
E(x, 0=(4nt)“2w 
Note that 
E,(x, t) = ME(x, Mm- ‘t) 
where E,(x, t) is the solution of (1.1) with E,(x, 0) = Ma(x). 
(2) The solution WJx, t) of (1.1) with initial data 
(2.2 1 
WJX, O)=Y 1 lxlrZ (O<a<n) 
where S, is the surface area of the unit sphere in R”. The function WJx, t) 
has the form 
WJX, t)=t-“g,()x) t-R’@) 
where ,I is defined by (1.9) and g = g,(q) is a solution of the problem 
(g”)” +!+ (g”Y+$‘+lg=O 
? > 0, g’(O) = 0, lim q*g(q) = 7. 
q-m 1 
Note that, for every A, 
W&, t) = A A w%(x,(~)“-lt) 
where W,*, satisfies (1.1) and W,,,(x, O)=A JxIpa. 
Define 
u&G t) = w&G t) 
if a<n 
E(x, f) if a =n. 
(2.3) 
(2.4) 
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Then 
Ua(x, 0) = Q,(x) 
where 
I 
n--a 
@a(x) = s, ‘X’--r if a<n 
&xl if CI = n. 
(2.5) 
Note that, Vk>O, 
UJx, t) = k”U,(kx, k2 + a(m -- “t), Occrdn. (2.6) 
Now let u(x, t) be a solution of problem (PM). For k > 0, define 
uk(x, t) = f(k) u(kx, k2(f(k))+ 1 t). (2.7) 
It is readily seen that, for any function f(k) > 0, uk is a solution of (PM) 
with initial data 
Choose 
up(x, 0) = (PAX) = f(k) tp(k-xl. (2.81 
f(k) =k” [,,x, <kcpb) dx. i (2.9) 
Consider the sequence of solutions {u~(x, t)} and the corresponding 
sequence of initial conditions (PJx). Our main assumption is that 
lim (PJx) = Bm(x) 
k-x 
in the distributional sense. In other words, 
H, : There exists some a E (0, n] such that, for any II/(x) E Cr( KY), 
k _ o. in Ill(x) f(k) cp(kx) dx = J^,” +(x) Q”,(x) d  lim (2.10) 
wheref(k) and Yp, are defined by (2.9) and (2.5), respectively. 
Remark 1. Assumption H, generalizes condition (1.5). In fact, if 
1 x (@ v(x) + A, j? E (0, n], then H, holds with CL = j. Moreover, let 
v(x) = 
A 
l+]xlBI1nlxII’ 
PE(O,nl. 
Then H, holds with a = B, but (1.5) is not satisfied. 
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We also add the assumption 
H,: There exists a positive constant b such that 
wheref(k) is defined by (2.9). 
We shall now prove the convergence of {uJx, t)} as k + + co. Our 
proof follows the same lines as the proof in [l]. However, because of the 
restriction H,, some of the necessary estimates will be simpler than in [ 1). 
As in [ 11, we use the estimates from ‘[2, 31 and the uniqueness results of 
c3, 121. 
It will be assumed throughout this section that H,, H, hold. 
LEMMA 1. For any k > 1, 
sup r (2.11) 
where C is a constant, independent of k and B(z, 1) = (x E R”, I x - z I < 1 }. 
Proof. For any z E KY’, 
O< s , B(z 1) P&I dxd s , B(o I) PAX) dx +j- qk(X) dx. B(z,l)\B(o,I) 
Assumption H, implies that, for any k > 1, 
i B(z,,i\B(Oi)~~(~)dx~bI~(O, 111. 
Moreover, by (2.8), (2.9), 
This proves (2.11). 
LEMMA 2. For any k B 1, 
O<u,(x, t)<c,(l+ t-q, t>O,xER” 
where c, is a positive constant independent of k and 
(2.12) 
I= n 
2+n(m- 1)’ 
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Proof: For m = 1, (2.12) follows immediately from (2.11) via the 
Poisson integral formula. For m > 1, we use (2.11) and the result of r3, 
p, 721. 
By [S], the existence of the uniform upper bound of Lemma 2 implies 
that the sequence {uk} is equicontinuous on compact subsets of S,, so that 
we can extract a convergent subsequence t+. Thus there exists a function 
U(x, t) E C(S,) such that 
Uk’ + u as k’+ +co, 
uniformly on any compact subset of S. 
In order to show that U(x, t) is a solution of (1.1) with initial data 
Q,(x), we need the following estimates: 
LEMMA 3. For every fixed R > 0 and any k > 1, 
f udx, 5) dx 6 c(R) (2.13 B(0.R) 
* 
IS ur(x, t)dxdt<~,(R)T~‘(~+~(“--~) (2.14 0 B(0.R) 
where c(R) and c,(R) are independent of k and T. 
ProoJ For m > 1, it follows from an estimate established in [2, 
Theorem 3.11 that 
s Uk(X,T)dX~c(R(“(~-~)+2)/(~-‘)+U~~+”(~-1))/2(0,T+ 1)). B(W) 
Since, by Lemma 2, u,(O, T + 1) < 2c,, T > 0, this proves (2.13). 
For m = 1, (2.13) follows immediately from the Poisson integral formula. 
Turning now to (2.14), we have (as in [l]) 
f T 6c 0 t- /(m- 1) s uk dx dt. B(0.R) 
Since l(m - 1) < 1 and (2.13) holds, we get (2.14). 
We can now prove 
LEMMA 4. The limit lim,, a, u,(x, t) = U(x, t) exists and U = U, is a 
solution of (PM) with initial data Q,(x). 
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Proof: For any k, uk satisfies the integral identity (2.1). Let 
c(x, t) E C’s2(S,) be a test-function which vanishes for large 1 x 1 and t = T. 
Then 
We now proceed as in [ 11, evaluating the limit of (2.15) with respect to 
the subsequence k’. 
Using (2.13), (2.14) and H,, we obtain 
1.i (i, U + AlLI”) dx dt + ST 5 iw” l(x-, 0) Q,(x) dx = 0. 
Therefore, U(x, t) satisfies (1.1) in the distributional sense and 
U(x, 0) = G,(x). 
By the uniqueness theorems of [3, 121, 
u= u, 
and thus the whole sequence uk converges to U,. 
In particular, 
(2.16) 
uniformly for 1 x 1 < R, where R is any nonnegative constant. 
It follows from (2.16), (2.6) and (2.7) that 
!imm I f(k) u(kx, k2fm - l(k)) - UJX, 1) I 
= lim If(k) u(kx, k2f”‘-‘l(k))-k”U,(kx, k2+a(m-‘))l =O. 
k-rrn 
Replacing kx by x and setting t = k2 +acm-‘i, we deduce the following. 
THEOREM 1. If assumptions H,, H, hold for some c1 E (0, n], then the 
solution u(x, t) of (PM) satisfies the relatiomhip 
lirn , f(@2+l(m- I,,) u(x, +2+e(m- 1,) fm-l(fl/O+dm-l)))) 
r-w 
-@(*+a(-‘)) Ua(X, *)I =o (2.17) 
409/128/2-l I 
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uniformly on the sets P, = {x, 5: 1x1 <Rt’i’2++l’m ‘I’)}, R>O, where f‘i.~ 
defined by (2.9). 
Applications. We now present some consequences of Theorem 1. (The 
sign 2 used below means that the difference between the two sides of the 
equality is of higher order than each side.) 
Rewrite (2.17) as follows: 
ZC(l(2+ em- 1)) 
4x, t) Zf( tl/(2+a(m- I))) U&, 71, O<adn(t-+c0) (2.18) 
where t = r2’(2+“mP ‘)I f"~'(~"(~~~("~ “)). This shows that, for large t, 
u(x, t) is close to a reconstructed similarity solution (as we already 
remarked in the Introduction), which is evaluated at a different time if 
m> 1. 
We now consider a few examples: 
EXAMPLE 1. q(x) IxI’+ A as 1x1 + so. Then, by (2.7), 
f(k) rk” 
AS, Ink 
as k+co, 
and by (2.18), 
u(x, t) z 
AS, In T 
2+n(m- 1) E(x, T) 
2+n(m-1) m-~l T 
AS, I (In ty-" 
In particular, if m = 1, this gives t z T; hence, for the heat equation, 
u(x, t) z 
AS, In t 
~ E(x, t). 2 
EXAMPLE 2. q(x) 1 x 1’ -+ A as / x I -+ CC for some CI E (0, n). Then 
and 
24(x, t)zS w,(,, (2)“‘-‘t). (2.19) 
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From (2.3) and (2.19) it follows that 
4-6 1) g W&(X, 1). 
Thus we obtain (1.8). 
EXAMPLE 3. cp(x)Ixl”lnIxl~AasIxl~oOforsomeccE(0,12).Then 
f(k)zyk”lnk (k-m) 
1 
and 
u(x , oE2+a(*- l) In r Wz(x, T.) 
tr[2+a(m-l)]‘-“r(lnt)“-‘. 
EXAMPLE 4. q(x) E I., . Then 
f(k)-; (2.20) 
where h4 = 1) cp 1) L,. 
From (2.18) we get 
this implies the result of [7] (see (1.6)). Note that in [7], f(k) = k” which 
is equivalent to (2.20) for large k. 
3. POROUS MEDIA EQUATION WITH ABSORPTION 
In this section we consider problem (PMA) with p > m + 2/n. Assume 
that (1.5) holds. It was proved in [l I] that, if 2/(p - m) < tl <n, then the 
solution u(x, t) of (PM.4) behaves like the solution W,,, for large t. On the 
other hand, if ~(x)EL~(IW’), then u(x, t) behaves like E,,,(x, t) for some c0 
(see [ 111). Consider the borderline case o! = n(n > 2/(p -m)), so that H, 
holds with c1 =n. (Our aim in restricting ourselves to a = n is merely to 
avoid certain technical details.) 
Define a solution of (PMA) in S to be a nonnegative function v E L”(S) 
satisfying the identity 
J-j sr(r,u+drum-i”p)dXdt+ j ~(x,0)cp(x)dx=0 R” 
for any T > 0 and any i E C**‘(S,) which vanishes for large I x 1 and t = T. 
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In addition to H, (with c( =n), we shall assume here that H, holds and 
also: 
H, : There exists p E (( 2 + mn)/p, n) such that 1 x 1 I’ q(x) d B < co, Vx E W. 
Remark 2. If H, is false, then cp E L, and the result of [7] is applicable. 
Remark 3. If q(x) lxI”-+A as 1x1 -03, then H, holds with ,u=n-& 
for any small E > 0. 
As in Section 2, for k 3 1 we define the family 
u,(x, t) =f(k) u(kx, k’f”- ‘(k)t) 
where 
BY H, 
f(k) = d(k) k” 
(3.1) 
(3.2) 
(3.3) 
where d(k) + 0 as k + co, and by H,, 
f(k)>A,P (A, >O) (3.4) 
If u(x, t) is a solution of (PMA), then u,Jx, t) is a solution of the 
following problem: 
uI=Aum-F(k)uP 
4x, 0) = (PAX) = f(k) cp(kx) 
(3.5) 
where F(k) = k2[f(k)lmPp. 
It follows from (3.4) that F(k) < A,k2 ~ p(pPrn) and therefore, since 
,u > 2/(p - m), we have 
lim F(k) = 0. 
k + a (3.6) 
Moreover, by the maximum principle, u,(x, z) < u,(x, t), where u,(x, t) is 
the solution of (1.1) with initial data q~,Jx) defined in Section 2. Hence 
estimates (2.12k(2.14) are valid for uk. 
In addition: 
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LEMMA 5. If assumptions H,-H4 hold, then 
F(k) j’ J z&c, t) dx dt d C(rk2-“p(f(k))” +f(k)k-“) (3.7) 
0 B(O,l) 
where C is a positive constant. 
Proof We have 
= k2+P(m--l-P) k) f( jog”)’ I,,, ,) VfXx, 1) dx dt (3.8) 
where 
BY H4> 
g(k)=k-fi’“-‘)[f(k)]m-’ 
6,(x, t) = k”v(kx, k2 + A* - ’ ‘t). 
IxI”fi,(x,0)64 
and so we can apply the result of [ 11, Lemma 41, to obtain g(k)r s i‘ Vfl(x, t) dx dt 0 B(O,l) 
~CC,g(k)~+C2k-'"+2+~'"-1-P". (3.9) 
Inequality (3.7) now follows from (3.8 ), (3.9). 
From (3.7), using (3.3) and (3.4), we obtain 
)imm F(k) jr1 vpk(x, t) dx dr = 0. (3.10) 
0 B(O.1) 
Now, proceeding as in Section 2, we extract a subsequence vke which 
converges on compact subsets of S,. Let 
uniformly on any compact subset of S. 
We now evaluate the limit of the integral identity 
jjs,(uk[, +vk” Ai-F(k)v$)dxdt+ jRn v&) i(x, 0) dx=O 
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over the subsequence k’. Using (2.13) (2.14) (3.10) and H,, we obtain 
j-js, (Vi, + V” Ai) dx dt + j-Rn 6(x) i(x, 0) dx = 0. 
Proceeding as before, we conclude that V(x, t) = U,,(x, t) = E(x, t). We 
have thus proved 
THEOREM 2. If assumptions H,-H, hold for a = n and v(x, t) is a 
solution of (PMA), then 
uniformly on the sets P, = {x, z: 1x1 <Rz1’(2+n(n’+‘)‘}, R>O, where f is 
defined by (3.2). 
Remark 4. It follows from Theorem 2 that, in the case considered (p > 
m + 2/n, c( = n), the influence of the absorption term becomes negligible as 
t -+ co. This phenomenon has already been observed in several cases 
[S-l 11. 
Remark 4 implies that Example 1 of Section 2 is also valid for (PMA). 
Thus, if 1 x 1” q(x) -+ A, then 
v(x, t) 2 
AS, In T 
2+n(m- 1) ~3x5 ~1 
2+n(m-1) mp’ z 
ASI 1 (In t)“- ’ 
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